
APPLICATIONS OF CYCLIC GROUPS IN EVERYDAY LIFE

By

LAUREN SOMMERS

CAPSTONE PROJECT

Submitted in partial satisfaction of the requirements for the degree of

BACHELOR OF SCIENCE

in

MATHEMATICS

in the

COLLEGE OF SCIENCE, MEDIA ARTS, AND TECHNOLOGY

at

CALIFORNIA STATE UNIVERSITY,
MONTEREY BAY

Approved:

(Advisor)

Department of Mathematics and Statistics

2014

1



1. Abstract

Cyclic groups are common in our everyday life. A cyclic group is a group with an element that
has an operation applied that produces the whole set. A cyclic group is the simplest group. A cyclic
group could be a pattern found in nature, for example in a snowflake, or in a geometric pattern we
draw ourselves. Cyclic groups can also be thought of as rotations, if we rotate an object enough
times we will eventually return to the original position. Cyclic groups are used in topics such as
cryptology and number theory. In this paper we explore further applications of cyclic groups in
number theory and other applications including music and chaos theory. If someone can recognize
a cyclic group they could use the generator to find the fastest simple circuit for use in other real
world applications and in pure mathematics.
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2. Introduction

A group G is called cyclic if there is an element than generates the entire set by repeatedly
applying an operation [8]. The universe and mathematics are made up of many cyclic groups. One
can think of cyclic groups as patterns that repeat until returning to the beginning.

Figure 1. Geometric shapes and designs that are generated by the shape of design
repeating until it gets back to the origin.

This shape is a knot that is being repeated three times until it gets back to the original point.

Figure 2. repeated color slice forming a whole circle

Figure 2 is a cyclic group made from the slice added again and again until it is back to the first
slice. Notice that we can either add each slice clockwise or counter clockwise to create this circle.
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Figure 3. crescent knot pattern cyclic group

Figure 3 is a mix of Figure 1 and 2. It is a knot type pattern that is either added left or right
four times to create a circle shape. This shape has an element of a crescent moon shape that is
either added on the left or its inverse on its right to create the whole circle. Therefore this figure
is a cyclic group.

Figure 4. natural objects that are cyclic
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Figure 5. A jelly fish and urchin test that exhibit radial symmetry

Cyclic groups can be created by humans using shapes and designs. Cyclic groups are common in
the natural world. Some examples of cyclic geometries in nature are a test of an urchin, a snowflake,
a bell pepper, and flowers (Figure 4). Any organism that has radial symmetry is cyclic. Animals
are generally symmetric about an axis from the center. Animals exhibit radial symmetry in the
phyla cnidaria (jellyfish) and echinodermata (sea stars, sea cucumber, urchin)(Figure 5). Plants
and flowers have radial symmetry(Figure 4). The petals radiate around the center of the flower
until the center is entirely surrounded by petals.

Cyclic groups can be thought of as rotations. An object with rotational symmetry is also known
in biological contexts as radial symmetry.

Figure 6. 90 degree rotations of a square

We can draw a square moving 90 degrees 4 times (Figure 6). For a polygon with n sides, we can
divide 360/n to determine how may degrees each rotation will be to return to the original position.

6



Not all shape rotations are considered cyclic. The rotation of a circle is not cyclic. It is not like
the infinite cyclic group because it is not countable. A circle has an infinite number of sides. We
cannot map every side to the integers therefore a circle’s rotations are not countable.

Rotations are one of the common applications of cyclic groups. Cyclic groups can be used in
fun puzzles such as the Rubik cube or in protecting sensitive information such as through cryptog-
raphy. Number theory has many applications in cyclic groups. This paper will explore applications
of cyclic groups in the division algorithm and Chinese remainder theorem, bell ringing, octaves in
music, and Chaos theory.
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3. Background Materials

Definition: A group 〈G, ∗〉 is a set G, closed under a binary operation *, such that the following
axioms are satisfied: For all a, b, c,∈ G we have associativity (a ∗ b) ∗ c = a ∗ (b ∗ c).There is an
identity element for all x ∈ G. e ∗ x = x ∗ e = x. The inverse of every element exists in the set.
a ∗ a′ = a′ ∗ a = e.

For this paper the addition operation will be equivalent to :
a ∗ a ∗ a ∗ a ∗ a︸ ︷︷ ︸ . . .

n times
= an

Example 3.1. The set of integers Z

Definition: Let G be a group, and let H be a subset of G. Then H is called a subgroup of G
if H is itself a group, under the operation induced by G.

Definition: Commutative is changing of the operations does not change the result.

Example 3.2. An example of an the commutative property is 2 + 3 = 3 + 2

Definition: A function f from A to B is called onto if for all b in B there is an a in A such
that f(a) = b. All elements in B are used.

Example 3.3.

Definition: A function f from A to B is called one-to-one if whenever f(a) = f(b) then a = b.

Example 3.4.
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Definition: The U(n) is a group under multiplication modulo n.

Definition: An abelian group is also called a commutative group.

Definition: A group G is called cyclic if there is an element a ∈ G,G = {an|n ∈ Z} Such an
element a is called the generator of G, denoted as 〈a〉 = G.

Definition: Cyclic subgroups are written as H = {ann ∈ Z}. Subgroups of cyclic groups are
also cyclic.

Definition:The number of elements in G is called the order of G and is denoted as |G|.

Example 3.5. B = {2, 3, 4, 7, 8, 9} |B| = 6

Theorem 3.6 (La Grange). Let G be a finite group, H a subgroup of G. Then the order of H
divides the order of G.

Theorem 3.7. Division Algorithm for integers: If m is a positive integer and n is any integer,
then there exist unique integers q and r such that

(3.1) n = mq + r and 0 ≤ r < m.

Definition: Two numbers are relatively prime if they have no common factor other than 1.
For example 9 and 20 have a 1 as their only common factor.

Definition: A permutation of a set A is a function φ : A −→ A that is both one to one and
onto. Permutations are possible variations a set can be ordered or arranged.

Example 3.8. {1, 2, 3}, {1, 3, 2}{2, 1, 3}, {2, 3, 1}{3, 1, 2}{3, 2, 1}
Definition: A map φ of a group G into a group G′ is a homomorphism if φ(ab) = φ(a)φ(b)

for all a, b ∈ G

Example 3.9. f(mn) =

(
mn 0
0 mn

)
=

(
m 0
0 m

)
=

(
n 0
0 n

)
= f(m)f(n)

Cyclic groups are used in congruences; specifically for solving linear congruences and quadratic.
Cyclic groups were also very important for Fermats Theorem and primitive roots. Cyclic groups are
the simplest groups. A cyclic subgroup is closed. Cyclic groups are the building blocks of abelian
groups.

There is a difference between an ordinary group and a cyclic group. The rational numbers are
a group under addition, but there is no rational number that generates all the rational numbers.
The integers have a generator of 1 and -1. Someone can add and subtract 1 to generate all the
multiples of one to create the integers.

The element that makes up the cyclic group is not always unique. There can be multiple ele-
ments that can make up a cyclic group. In Z the group can be generated by either 1 or −1.If the
cyclic subgroup 〈a〉 of G is finite then the order of a is the order of the cyclic group. Otherwise we
can say that a is infinite order.

Definition: An isomorphism φ : G→ G′ is a homomorphism that is one to one and onto G′.
The usual notation is G w G′.
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3.1. Cyclic Groups are Isomorphic to Zn or Z. If any two cyclic groups of order n are iso-
morphic to each other, then every cyclic group G of order n is isomorphic to Zn. All cyclic groups
are isomorphisms.

Theorem: Let G be a cyclic group with generator a. If the order of G is infinite, then G is
isomorphic to 〈Z,+〉. If G has finite order n, then G is isomorphic to 〈Zn,+〉.

Proof. Case 1: For all positive integers m, am 6= e. In this case we claim that no two distinct
exponents h and k can give equal elements ah = akand say h > k. Then

(3.2) aha−k = ah−k = e,

contrary to our case one assumption. Hence every element of G can be expressed as am for a unique
m ∈ Z. The map φ : G→ Z given by φ(ai) = 1 is thus well defined, one to one, and onto Z. Also,

(3.3) φ(aiaj) = φ(ai+j) = i+ j = φ(ai) + φ(aj)

So the homomorphism property is satisfied and φ is an isomorphism.
Case 2: am = e for some positive integer m. Let n be the smallest positive integer such that
an = e. If s ∈ Z and s = nq + r for 0 ≤ r < n, then as = anq+r = (an)qar = eqar = ar. As in case
1 if 0 < k < h < n and ah = ak then, ah−k = e and 0 < h − k < n, contradicting our choice of n.
Thus, the elements

(3.4) a0 = e, a, a2, a3, · · ·, an−1

Are distinct and compose all elements of G. The map Ψ(ai) = i for i = 0, 1, 2, ...., n− 1 is thus well
defined, one to one, and onto Z. Because an = e,we see that aiaj = ak where k = +nj. Thus,

(3.5) Ψ(aiaj) = i+n j = Ψ(ai) +n Ψ(aj)

So the homomorphism property is satisfied and Ψ is an isomorphism. �

3.2. Product of Cyclic Groups. The direct product of two cyclic groups Z/n and Z/m are
cyclic if and only if n and m are co-prime.

Theorem: Gn ×Gm is a cyclic group iff (m,n) = 1.

Proof. Gm = 〈a〉, Gn = 〈b〉.We want to produce a generator for the product. Claim: A = (a, b) is a
generator of Gm ×Gn.An = (an, e), but an is a generator of Gm by the corollary since (m,n) = 1.
Hence all powers of An produce all the elements (g1, e) where g1 ∈ Gm. Likewise, Am = (e, bm), bm

is a generator of Gn and all the powers of Bm produce all elements (e, g2) where g2 ∈ Gn. Taking
their products, we get all elements Gm × Gn since (g1, e) ∗ (e ∗ g2) = (g1 ∗ g2). Thus we conclude
that the powers of A produce all the elements of Gm×Gn, that is, that A generates this group and
so it is cyclic. �

All numbers relatively prime to n generate the group. If the greatest common divider of two
integers is equal to one then we can say that they are relatively prime.

Corollary: If a is a generator of a finite cyclic group G of order n, then the other generators
of G are the elements of the form an, where r is relatively prime to n.

Example 3.10. Z8 is generated by 1, 3, 5, 7.

Z8 = 〈1〉Z8 =0,1,2,3,4,5,6,7
Z8 = 〈3〉Z8 =0,1,2,3,4,5,6,7
Z8 = 〈5〉Z8 =0,1,2,3,4,5,6,7
Z8 = 〈5〉Z8 =0,1,2,3,4,5,6,7
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The integer 2 does not generate Z8 then 2 is not a generator.

Knowing that all numbers relatively prime to n generate the group, we can find all the subgroups
of Z36 quickly. We only need to show what the subgroups are for numbers that go evenly into 36
because the others will be repeated.

Example 3.11. 〈1〉 = Z36

〈2〉 = 0, 2, 4, 6 · · · , 34

〈3〉 = 0, 3, 6, 9 · · · , 33

〈4〉 = 0, 4, 8, 12 · · · , 34

〈6〉 = 0, 6, 12, 6, 18, 24, 30

〈9〉 = 0, 9, 18, 27

〈12〉 = 0, 12, 24

〈18〉 = 0, 18, 24

〈0〉 = 0 the trivial subgroup

Figure 7. Subgroup diagram of the integers mod 36

The set U(n) = 0 < x ≤ n|gcd(x, n) = 1 is a group under multiplication mod n for every n ≥ 1.
Some groups U(n) are cyclic and some are not. If U(n) is cyclic then we can write U(n) = 〈a〉 for
some a ∈ Zn, relatively prime to n. In number theory a is known as a primitive root modulo n.

Theorem 3.12 (Primitive Root Theorem). U(n) is cyclic if and only if n is 1, 2, 4, pk, or2pk where
p is an odd prime and k is greater than or equal to 1.

The number of elements in U(n) is commonly denoted by φ(n). When p is prime φ(p) = p− 1,
because every number in 1, 2, . . . , p− 1 is relatively prime to p. Also φ(pk) = (pk) = pkpk−1 for
prime p because 1, 2, · · · pk are multiples of p, and all other integers in the range are relatively prime
to pk. It is also true that if m and n are relatively prime then φ(mn) = φ(m)φ(n) [3].
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Example 3.13. U(8) Let us only look at the numbers relatively prime (3, 5, 7), 3 =< 3, 1 >, 5 =<
5, 1 >, 7 =< 7, 1 > thus the order of 3, 5, and 7 is order 2 and not order 8, thus, U(8) is not cyclic.

We could also check this problem using the Primitive Root Theorem. 8 cannot be written as 2pk

where p is an odd prime thus it cannot be cyclic.

Example 3.14. U(10) we can write it in the form 2pk where p is an odd prime greater than one.
Thus, it is a cyclic group.
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4. Applications of Cyclic Groups

4.1. Number Theory. Cyclic groups are found in nature, patterns, and other fields of mathe-
matics. A common application of a cyclic group is in number theory. The division algorithm is a
fundamental tool for the study of cyclic groups.

Division algorithm for integers: if m is a positive integer and n is any integer, then there exist
unique integers q and r such that

(4.1) n = mq + r and 0 ≤ r < m.

Example 4.1. Find the quotient q and remainder r when 45 is divided by 7 according to the
division algorithm.
The positive multiples of 7 are 7, 14, 21, 28, 35, 42, 49 · · ·

(4.2) 45 = 42 + 3 = 7(6) + 3

The quotient is q = 6 and the remainder is r = 3.

You can use the division algorithm to show that a subgroup H of a cyclic group G is also cyclic.

Theorem 4.2. A subgroup of a cyclic group is cyclic.

Proof. Let G be a cyclic group generated by a and let H be a subgroup of G. If H = e, then
H =< e > is cyclic. If H 6= e, then an ∈ H for some n ∈ Z+.Let m be the smallest integer in Z+

such that am ∈ H. C = am generates H. H = 〈am〉 = 〈c〉.

We must show that every b ∈ H is a power of c. Since b ∈ H and H ≤ G , we have b = an

for some n. Find a q and r such that

(4.3) n = mq + r and 0 ≤ r < m.

Then

(4.4) an = amq+r = (am)qar,

So

(4.5) ar = (am)−qar.

Since an ∈ H, am ∈ H and H is a group, both (am)−q and an are in H. Thus (am)−qn ∈ H, then
ar ∈ H. Since m was the smallest positive integer such that am ∈ H and 0 ≤ r < m, we must have
that r = 0. Thus n = qm and

(4.6) b = an = (am)q = cq,

So b is a power of c �

Definition: Let r and s be two positive integers. The positive integer d of the cyclic group

(4.7) H = rn+ms|n,m ∈ Z

under addition is the greatest common divisor of both r = 1r+ 0s and s = 0r+ 1s are in H. Since
d ∈ H we can write

(4.8) d = nr +ms

For some integers n and m. We see every integer dividing both r and s divides the right hand
side of the equation, and hence must be a divisor of d also. Thus, d must be the largest number
dividing both r and s.

13



Example 4.3. Find the gcd of 24 and 54.

The positive dividers of 24 are 1, 2, 3, 4, 6, 8, 12, and 24. The positive dividers of 54 are 1,
2, 3, 6, 9, 18, 27, and 54. The greatest common divisor is 6. 6 = (1)54 + (−2)24.

A different result of congruences in number theory is the Chinese remainder theorem. The
Chinese remainder theorem determines the number n that when divided by some given divisors
leave given remainders.

Theorem 4.4. The Chinese remainder theorem . The system of congruences.

(4.9) x ≡ ai(mod mi), i = 1, 2, 3, . . . k

where (mi,mj) = 1 if i 6= j, has a unique solution modulo m1m2m3 . . .mk.

Proof. We first show by induction, that system (1) has a solution. The result is obvious when
k = 1. Let us consider the case k = 2. If xa1(mod m1), then x = a1 + k1m1 for some k1. If in
addition x ≡ a2(mod m2), then

(4.10) a1 + k1m2 ≡ a2(mod m2)

or

(4.11) k1m1 ≡ a2 − a1(mod m2).

Because (m2,m1) = 1, we know that this congruence, with k1 as the unknown, has a unique solution
modulo m2. Call it t. Then k1 = t+ k2m2 for some k2, and

(4.12) x ≡ ai(modmi), i = 1, 2, 3, . . . , r − 1.

But the system

(4.13) x ≡ s(modm1m2m3 . . .mr−1),

(4.14) x ≡ ar(modmr)

Has a solution modulo the product of the moduli, just as in the case k = 2, because (m1m2m3 . . .mk−1,mk) =
1. This statement is true because no prime that divides mi. The solution is unique. If r and s are
both solutions to the system then r ≡ s ≡ ai(mod mi), i = 1, 2, 3, . . . , k,

So mi|(r − s), i = 1, 2, . . . , k. Thus r − s is a common multiple of m1m2m3 . . .mk, and because
the moduli are relatively prime in pairs, we have m1m2m3 . . .mk|(r − s). Since r and s are least
residuals modulo m1m2m3 . . .mk

(4.15) −m1m2m3 . . .mk < r − s < m1m2m3 . . .mk

hence r − s = 0. �
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4.2. Cyclic Groups in Bell Ringing. Method ringing, known as scientific ringing, is the practice
of ringing the series of bells as a series of permutations. A permutation f : 1, 2, . . . , n→ 1, 2, . . . , n,
where the domain numbers represent positions and the range numbers represent bells. f(1) would
ring the bell first and bell f(n) last [6]. The number of bells n has n! possible changes [4].

Figure 8. Plain Bob Minimus permutation

The bell ringer cannot choose to ring permutations in any order because some of the bells con-
tinue to ring up to 2 seconds. Therefore no bell must be rung twice in a row. These permutations
can all be played until it eventually returns to the original pattern of bells.

A common permutation pattern for four bells is the Plain Bob Minimus permutation (Figure 8).
The Plain Bob pattern switches the first two bells then the second set of bells. They would start
the bell ringing with 1234. The first bell would go to the second position and third would go to
the fourth; therefore the next bell combination would be 2143. The next bell switch would be the
two middle bells. Therefore the bell 2143 would turn to 2413. The bell ringers would repeat this
pattern of switching the first two and second two, followed by switching the middle until about 1/3
of the way through the permutations. At the pattern 1324, we cannot switch the middle two. If
we switched the middle two, we would get back to 1234. Therefore, the bell ringers figured out to
switch the last two bells every 8 combinations. Then after 24 moves (4!) we get back to the bell
combination of 1234. Since we made rotations of the bells and generated every combination of the
set and are now back at the beginning, we can say that the bell ringing pattern is cyclic.
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Figure 9. Permutation of 4 bells

Figure 10. Permutation of 6 bells

There are other ways to cover all of the permutations without using the Bob Minimus method(Figure
9). Bob Minimus method is used because it is easy for bell ringers to accomplish because they do
not have sheet music. Another common permutation method is following the last bell and moving
it over one space to the left each ring then after it is on the left moving it back over to the right
(Figure 10).
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You can create a cyclic group with any number of bells. However, the more bells you add the
longer the cycle will take. Assuming that each bell ring takes 2 seconds, someone can complete a
set of three bells in 12 seconds. If we have 9 bells it could take up to 8 days and 10 hours [4].

Figure 11. Hamiltonian graph of the permutation of 4 bells

The bell permutations can be expressed as a Hamiltonian graph. A Hamiltonian path is a
undirected or directed graph that visits each vertex exactly once [6]. The Hamiltonian circuit can
be drawn as a simple circuit that has a circular path back to the original vertex. Hamiltonian circuits
for the symmetric group Sn mod cyclic groups Zn correspond to the change ringing principles on
n bells [5].

17



4.3. Clock Arithmetic. On a clock the numbers cycle from one to twelve. After circulating
around the clock we do not go to 13 but restart at one. If it was 6 o’clock, what would it be in 9
hours? 6am + 9 = 3pm. The set of the numbers on a clock are C = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11.
This set of numbers is a group. The identity element is 0 what we will think of as 12. If we add 12
hours to anywhere on the clock we will end up in the same position.

Figure 12. twelve hour clock

4.4. Octaves. An octave is the interval between one musical pitch and another. The octave is
composed of an interval of eight notes and another with half or double its frequency. The frequencies
of two notes an octave is 2:1. Octaves of a note occur at 2n times the frequency of that note. Octave
equivalence is when the ear hears both the notes as the same. Modulo arithmetic becomes octave
equivalence in the musical scale. Two notes belong to the same pitch class if they differ by a whole
number of octaves. Each element of Zn is then represented by a different permutation of the 8
pitch classes.

Figure 13. two octaves in each clef
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Figure 14. circle of fifths

The group C12 consists of the set {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11} as shown in section 4.3. We
could think of the numbers 0 to 11 as representing musical intervals in multiples of semitones. The
identity 0 may be defined to be any of the set {C,C],D,D],E, F, F ],G,G],A,A],B} the remaining
elements correspond to the remaining pitch classes in cyclic order. For Z12 the possible generators
are 1, 5, 7, and 11. All notes can be obtained from given notes by repeatedly going up a fifth.
The only way all the musical intervals are with the circle of fifths. Starting at any pitch ascending
by the interval of an equal tempered fifth, one passes all twelve tones clockwise, to return to the
beginning pitch class.
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4.5. Cyclic Groups in Chaos. Chaos theory involves examining deterministic behavior that can
fluctuate so unpredictability that it looks random. Chaos is the belief is that tiny changes to the
starting conditions can result in wildly different behavior. Edward Lorenz was studying computer
models and was astonished to find out that if he ran the model half way through the circulation then
restart the computer program from there, would produce dramatically different results after the
restart. The computer completed a large number of calculations and the tiny differences amplified
into a huge discrepancy. Lorenz called this the Butterfly Effect; he told the audience that because
of the sensitivity of the weather to tiny changes, a butterfly flapping its wings in the United States
could theoretically cause a typhoon in China. This is why weather predictions are only accurate
for a few days [7].

Figure 15. 5 coin objects that can be moved around to produce a cyclic group

Even though probability may seem chaotic it can produce the same event consistently. An
example would be placing 5 different color coins in a circle on a table (Figure 15), if we move a coin
clockwise we would repeatedly move coins along and the first coin would visit all of the other coins.
Imagine a bag containing instructions to move coins 1 through 5 along, or to leave them alone. As
long as we do not pick the choice where we leave them as they are instruction we will eventually
wind up with the same arrangement of the coins. What makes this work is that we have an prime
number of tokens. As the number of coins increases the chance of picking leaving the coins alone
goes down. With around 997 coins the chance is 1 in 1000 [7]. There for most likely we will get a
move that produces a cyclic group.
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5. Conclusion

Human minds are designed for pattern recognition and we can find algebraic structures in com-
mon objects and things around us. Cyclic groups are the simplest groups that have an object
that can generate the whole set. The object can generate the set by addition, multiplication, or
rotations. Cyclic groups are not only common in pure mathematics, but also in patterns, shapes,
music, and chaos. Cyclic groups are an imperative part of number theory used with the Chinese
remainder theorem and Fermats theorem. Knowing if a group is cyclic could help determine if
there can be a way to write a group as a simple circuit. This circuit could simplify the process of
generation to discover the most efficient way to generate the object for use of future applications
in mathematics and elsewhere.
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